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Abstract
We define sums of plane curves that generalize the idea of connected sum and show how Arnol’d’s
invariants behave with respect to them. We also consider the inverse process of decomposition
of a curve and as an application, obtain a new method that reduces considerably the amounts of
computation involved in the calculation of Arnold’s invariants.
 2002 Elsevier Science B.V. All rights reserved.
MSC: 53A04; 57R52
Keywords: Stable closed curves; Isotopy invariants; Sums; Decompositions
1. Introduction
Consider the space I of smooth immersed closed curves in the plane. This set has
different pathcomponents, representing the different isotopy classes of closed immersed
plane curves. A complete invariant for these isotopy classes is given by the rotation number
(i.e., the number of complete turns made by the tangent vector of the curve as we go once
through the curve in the positive direction), as shown by Whitney in [8]. If we restrict
our attention to the set E of stable immersions we see that their only special points are
transversal double points. All other immersed curves having self-intersections different
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from these belong to what is known as the discriminant set (denoted ∆). The question
then is: When can we say that two stable immersions can be joined by a path entirely
made of stable immersions? Or in other words, how can we characterize the different
pathcomponents of E = I −∆? (This is indeed related to the problem of classifying stably
immersed closed curves in the plane up to diffeomorphism). The basic invariants for this
problem, J+, J− and St, were introduced by Arnol’d in 1993 (see for instance [2]). He used
Vassiliev’s approach to topological invariants based on the definition of indexes associated
to the (cooriented) strata of codimension one in the discriminant. These three Arnold’s
invariants are thus associated to the transitions through direct and inverse self-tangencies
and triple crossings. They are not a complete set of invariants, in the sense that we may find
nonstably isotopic plane curves on which they assume the same values. Arnol’d gave in [2]
their axiomatic definition and proved their existence. He exhibited tables with their values
for closed curves with up to five selfintersection points. We notice that for calculation
purposes it is necessary to normalize the invariants by giving initial values on a standard
representative of each one of the Whitney classes (series {Ks}s0) (see [2]). The value of an
invariant on a given curve γ is now calculated by choosing some generic path joining α to
the standard curve in its class, say Ks , and adding the values of the indexes (with adequate
signs) corresponding to the successive transitions of this path trough the discriminant to the
value of the considered invariant on the curve Ks . Choosing such a path is not an easy task
for most curves. Therefore, several authors have worked out some explicit combinatorial
formulas in order to compute Arnold’s invariants [4,5,7].
Another well-known invariant is provided by the Gauss diagram of a stably immersed
curve. This concept was originally introduced by Gauss in order to analyze which chord
diagrams could correspond to such an immersion. It is defined as the system of chords
on the circle connecting the points sent by the immersion to the same double point of
the immersed curve. This provides a complete invariant for the case of spherical curves
and contains all the informations required to determine (not in a trivial manner) Arnold’s
invariants for this particular situation (see [5]).
One of the properties of Arnold’s invariants is the fact that they are additive with respect
to the connected sum of two stably immersed curves located in different half-spaces. This
sum was defined in [3] by means of a connecting bridge embedded in the exterior of the two
immersed curves. This suggests the possibility of cutting a given curve into simpler ones
(in the sense of having less double points) and computing the invariants separately for each
of the simpler curves. We observe that, from a practical viewpoint, this decomposition
is very restrictive and it should be more effective to be able to cut a given curve into
nonnecessarily separated (i.e., immersed in different half-spaces) simpler ones. With this
in mind we introduce here connecting bridges labelled with indexes (i, j), the values of
these indexes being determined by the relative positions of the regions in which they are
located with respect to both curves. We then find relations between the values of the above
invariants on the sum and on the initial curves (Theorems 1 and 2). The connected sum
used by Arnol’d can be viewed now as a particular case corresponding to a connecting
bridge of index (1,1).
Once these relations are known, the idea consists in successively decomposing the
curves in order to arrive to the simplest possible ones, whose invariants are well-known. In
this sense, we prove (Theorem 3) that any stably immersed curve with n self-intersection
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points can always be decomposed into at most n curves which are stably isotopic to either
K0 (figure “eight”),K1 (standard circle) or K2 (curve with rotation index 2 having a unique
double point). We notice that this decomposition is not unique.
To illustrate our result, we compute the invariants of a family ({Cs}s0) of tree-like
curves (Corollary 2). These invariants have also been obtained by Aicardi through other
methods [1]. Finally, we exhibit a general formula (Corollary 4) giving the invariants
of a curve in terms of its decomposition into basic ones. Manipulation of several
examples shows that the computation of the invariants in this way appears to be much
more manageable, specially in the case of complicated curves, than the previously used
procedures. Furthermore, it is worth to point out that some isotopy classes of stably
immersed curves with identical invariants J+, J− and St can be distinguished by the fact
that they admit different decompositions. This suggests that the decomposition process
itself may lead to the definition of complete invariants for plane curves.
2. Arnold’s invariants
As we have mentioned in the introduction, the space I is a union of pathcomponents
characterized by being composed of closed curves with the same rotation index. Let us
denote by Ks the standard curve with s − 1 double points representing the class of closed
curves with rotation index s (see [2]).
Denote by Σ+ or Σ− the subsets of curves having a point of direct self-tangency
(double point at which the two branches of the curve are tangent and point in the
same direction) or inverse self-tangency (analogously but pointing in opposite directions),
respectively. Denote also by ΣSt the subset of curves having one triple point. The
discriminant ∆ is the union of the closures (in the Whitney C∞-topology) of the three
varieties Σ+, Σ− and ΣSt, which actually constitute the 1-codimensional strata of ∆ (the
stable or generic I). An invariant of stable curves is a function on E which is constant
on each connected component. Such an invariant is characterized by the way it changes
when moving from one pathcomponent to another in E , that is, by the jumps that it makes
when passing through the different strata of ∆. V.I. Arnol’d followed these criteria to define
in [2] the three invariants J+, J− and St. We shall give now a short introduction to their
definition and properties based in a review due to Chmutov and Duzhin [4].
In order to give the definition of the above invariants, we need first to coorientate the
three components of ∆ defined above:
Given two curves in a small neighbourhood of any point in the hypersurface Σ+ (Σ−)
such that each one of them lies on one side of Σ+ (Σ−), they only differ in a small arc
where one of them has two additional double points. We then say that this curve is on the
positive side of Σ+ (Σ−).
The case of ΣSt is slightly more complicated: Passing from one side to another of this
hypersurface can be seen, as illustrated by Fig. 1, as eliminating a triangle formed by three
arcs, oriented according with the orientation of the considered curves, and creating a new
one.
Either of these components is considered to be in the positive or negative side of the
stratum ΣSt according to the following rule: Consider the cyclic order in the set of the
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Fig. 1. Coorientation of ΣSt.
three arcs in each triangle, defined by the order in which these arcs are passed when moving
along the curve in the positive direction defined by its orientation. This cyclic order induces
another direction on each of the arcs. The sign of component containing the curve with the
new-born triangle is equal to
(−1)number of sides on which both directions coincide.
This sign does not depend on the orientation of the considered curves.
The three invariants can now be defined as follows:
J+ is an invariant which jumps by +2 at every crossing of the stratum Σ+ in the
positive direction and remains unaltered when crossing any other stratum.
J− is an invariant which jumps by −2 at every crossing of the stratum Σ− in the
positive direction and remains unaltered when crossing any other stratum.
St is an invariant which jumps by +1 at every crossing of the stratum ΣSt in the positive
direction and remains unaltered when crossing any other stratum.
Theorem (V.I. Arnol’d [2]). For any sequence of integers k = (k0, k1, k2, . . .) there are
unique invariants Stk, J+k , J
−
k with normalization
Stk(Ks)= ks, J+k (Ks)= ks, J+k (Ks)= ks.
In [2], Arnol’d used the following normalization:
for St: k0 = 0, ks = s − 1 (s = 1,2,3, . . .),
for J+: k0 = 0, ks =−2(s − 1) (s = 1,2,3, . . .),
for J−: k0 =−1, ks =−3(s − 1) (s = 1,2,3, . . .).
Moreover, he proved that this is the only normalization which leads to invariants that are
additive under the connected sum of curves. These are the invariants that we shall consider
here. To calculate their values on any curve Γ with rotation index s, we connect it by a path
in I that crosses transversely the discriminant (i.e., it only meets ∆ at isolated points of
the strata Σ+,Σ− and ΣSt) with the standard curve Ks . Now we get the values of J+, J−
and St on Γ by adding to those of Ks all their (positive and negative) jumps encountered
along the considered path.
Some alternative ways of determining these invariants on aleatory curves have been
proposed by different authors, for instance Viro [7], Shumakovich [6] or Polyak [5]. In
particular, the method developed by Viro uses the idea of “smoothing” a curve. This
consists in eliminating its double points in order to transform it in a union of disjoint
oriented circles.
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3. Defining bridges and sums
Given a closed curve Γ ∈R2, let C be a connected component ofR2−Γ and x ∈ C any
point in this component. The index, indΓ (C), of the componentC is defined as the number
of turns (in clockwise direction) made by the radius-vector from x to a point travelling
once along Γ in the direction defined by its orientation. It is easy to see that this number
does not depend on the choice of the point x in C. But it does depend on the orientation
of Γ . The index of the exterior component is zero.
Given two adjacent components of some arc of Γ , their respective indexes differ by 1.
We shall denote by C+ the component at which the index has higher absolute value and by
C− the other component. Clearly, | indΓ (C+)| = | indΓ (C−)| + 1.
A connecting bridge between two arcs A(a1, b1) and A(a2, b2) of oriented curves Γ1
and Γ2 respectively is defined by an embedded rectangle β with vertices x1, y1, x2, y2,
such that
(i) A(xk, yk)⊆ A(ak, bk), k = 1,2, being A(x1, y1) in the left-hand-side and A(x2, y2)
in the right-hand-side of the rectangle.
(ii) β ∩ (Γ1 ∪Γ2)=A(x1, y1)∪A(x2, y2) (so β does not intersect the curves at any other
points).
(iii) The two ordered sets a1, x1, x2, b2 and a2, y2, y1, b1 define two oriented arcs whose
orientations are compatible with those of Γ1 and Γ2 (see Fig. 2 for illustration).
(iv) If we denote as C+ and C− the two adjacent components of the curve Γk at the arc
A(ak, bk), k = 1,2 then either intβ ⊂ C−1 ∩ C−2 or intβ ⊂ C+1 ∩ C+2 , where intβ
represents the interior of the rectangle defined by β .
Remark. We observe that the last requirement in the definition above can be substituted
by the condition (indΓ1 C
+
1 )(indΓ2 C
+
2 ) > 0. That is, a bridge must connect components of
the complement of the curves either both with positive index or both with negative index.
The condition above implies that at a crossing of the curve Γ1 with the curve Γ2, we
only have two possibilities of defining a bridge, as illustrated by Fig. 3. In the case that
intβ ⊂ C−1 ∩ C−2 we shall say that β is an outer bridge, whereas if intβ ⊂ C+1 ∩ C+2
we shall refer to β as an inner bridge. In both cases, we define the index of β as
Fig. 2. Bridge between two arcs.
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Fig. 3. External sum and internal sum of index (2,1).
(i, j)= (indΓ1 C+1 , indΓ2 C+2 ). We notice that the connecting bridges used by Arnol’d in [2]
in order to define the connected sums are all outer bridges of index (1,1) or (−1,−1).
We define now sums of two curves as follows: Given curves Γ1 and Γ2 their external
sum of index (i, j) is the curve, Γ1 ⊕ij Γ2, obtained by connecting Γ1 and Γ2 through an
outer bridge β of index (i, j) when substituting the arcs A(x1, y1) and A(x2, y2) of both
curves by the arcs A(x2, y1) and A(x1, y2) of the rectangle. The internal sum is defined
analogously by using an inner bridge, to distinguish it from the external one, we shall
denote it as Γ1⊕˜i,j Γ2. Fig. 3 illustrates this definition.
Remark. All the different sums of the curves Γ1 and Γ2 with respective rotation numbers
s > 0 and p > 0 have rotation number s + p − 1, independently of the index of the
connecting bridge between them. Therefore, all these sums lie in the same connected
component of I . On the other hand, we observe that different sums do not need to be
stably isotopic (i.e., in the same connected component of E), even if they have been done
through bridges with the same indices. Nevertheless, we shall see in the following section
that the invariants J+ and J− depend only on the curves Γ1 and Γ2 and the index (i, j)
and not on the choice of the bridge β . We shall also show that these indices differ from the
external to the internal sums by an amount that only depends on (i, j). On the other hand,
the value of the invariant St on the sum depends on the choice of the bridge.
4. Indices of sums
We define in the first place numbers, T ±(Γ1,Γ2), associated to a couple of curves Γ1
and Γ2 as follows: Given Γ1 and Γ2, if we displace one of them, say Γ2, on the plane in
order to separate it from Γ1, in the sense that they be in different half-spaces, we obtain a
new curve Γ˜2, congruent with Γ2. In this process, the displaced curve goes through several
tangencies with the fixed one, Γ1. We observe that this motion can be always carried out in
such a way that the tangency between the to curves is nondegenerate in the sense that the
two curves have a first order contact at the common point. We assign a positive value to
each direct tangency provided the number of common points of Γ1 and Γ2 increases when
going through it. Otherwise, we assign a negative unit value to this transition. On the other
hand, we assign a positive value to an inverse tangency provided this number decreases
and a negative one if it increases. The total number of direct tangencies, with their signs
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counted, encountered along the process of separation of the two curves will be denoted
as T +(Γ1,Γ2). Analogously, T −(Γ1,Γ2) will represent the number of inverse tangencies
with their respective signs that appear throughout this process.
Proposition 1. The numbers T ±(Γ1,Γ2) do not depend on the motion chosen to separate
Γ1 and Γ2. Moreover, the number T ±(Γ1,Γ2) depends only on the isotopy type of the pair
(Γ1,Γ2).
Proof. Suppose that Γ1 and Γ2 are disjoint curves located in different half-planes (we
shall call them separated curves). Let Γ ′2 be a curve congruent to Γ2. Clearly the pairs
(Γ1,Γ2) and (Γ˜2,Γ1) are congruent, and to see that T ± is well defined, we must show that
its increment ∇T ±(Γ1,Γ2) vanishes along any path (one-parameter family of motions of
the plane) taking the pair (Γ1,Γ2) to the pair (Γ˜2,Γ1). This will follow from the next three
lemmas. ✷
Lemma 1. Given two standard circles C1 and C2, the number T ±(C1,C2) does not depend
on the motion chosen to separate them in complementary half-spaces.
Proof. It is enough to prove that if (C1,C2) and (C1,C′2) are two pairs of separated circles,
the increment ∇T ±(C1,C2) vanishes along any path φt of motions of R2 taking the circle
C2 to the circle C′2. We may have that along this path either the circles C1 and φt(C2)
never intersect each other, in which case it is clear that ∇T ±(C1,C2)= 0, or that they pass
through some tangencies giving rise to double points of the pair at some stages. In this
case, we must distinguish between two subcases:
(a) C1 and C2 have the same orientation, and
(b) C1 and C2 have opposite orientations.
If (a) we have that the intersections and subsequent separations of C1 with φt (C2) may
occur through combinations of the following two processes (See Fig. 4 for illustration of
this phenomena):
(i) An inverse tangency with negative sign (creation of two double points) followed of an
inverse tangency with positive sign (elimination of two double points), or
Fig. 4. Tangencies between two standard circles.
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Fig. 5. Pairs of local transitions between circles.
(ii) An inverse tangency with negative sign (creation of two double points) followed of
a direct tangency with negative sign (elimination of two double points) and a direct
tangency with positive sign (creation of two double points) followed by an inverse
tangency of positive sign (elimination of two double points).
But in any case we get that ∇T ±(C1,C2)= 0 along the path. An analogous argument
applies to the case (b). ✷
Lemma 2. Suppose that there is an isotopy between the pair (C1,C2) of standard circles
and the pair (C˜1, C˜2). Then T ±(C1,C2)= T ±(C˜1, C˜2).
Proof. The difference of this case with that of Lemma 1 resides in the fact that for a generic
path we may find local transitions of one of the types (a) or (b) depicted in the Fig. 5.
But notice that none of them contributes to the increment of T ± along the considered
path. ✷
Lemma 3. Given the curves Γ1 and Γ2, let’s denote their respective smoothings by
Γ˜1 =
k⋃
s=1
Cs, Γ˜2 =
k⋃
t=1
Ct,
where Cs and Ct are circles embedded in the plane. Then
T ±(Γ1,Γ2)=
k,r∑
s,t=1
T ±(Cs,Ct ).
Proof. We observe that passing an arc of one of the curves over a double point of the
other one produces a triple crossing of the pair but this does not contribute to the number
T ±(Γ1,Γ2). Therefore, if Γ˜i are smoothings of Γi in the sense of O. Viro, we shall have
that T ±(Γ1,Γ2) = T ±(Γ˜1, Γ˜2) and the result follows immediately from the fact that the
double crossings of Γ˜1 with Γ˜2 correspond to those of their respective circles.
Finally, the assertion that T ±(Γ1,Γ2) is an isotopy invariant for the pair of curves
follows from Lemmas 2 and 3 and the fact that if (Γ1,Γ2) and (Γ˜1, Γ˜2) are isotopic pairs
then their respective pairs of smoothings are isotopic two (as pairs). ✷
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We shall now define numbers T Stβ (Γ1,Γ2) associated to a couple of curves Γ1 and Γ2
and a bridge β connecting them as
T Stβ (Γ1,Γ2)=Σσr,
where the sum has contributions of all the triple points of the pair belonging to both curves
which are encountered in the separation process of the curves into complementary half-
planes along a generic (in the sense that it does not give rise to quadruple points of the pair)
path of motions of the plane applied to one of the curves. The number σr , corresponding
to the rth triple point, may take the values +1 or −1 according to the following criterion:
we consider the sum of both curves through the point β , this sum determines a cyclic
order in the three arcs that meet at the given triple point, then the sign of this transition is
determined by the triangle rule as in [2].
Proposition 2. The numbers T Stβ (Γ1,Γ2) do not depend on the motion chosen to separate
Γ1 and Γ2.
Proof. Let Γ1 and Γ2 be separated curves and β a bridge between them which joins the
points a1, b1 of Γ1 to the points a2, b2 of γ2. Suppose, as in the proof of Proposition 1,
that Γ ′2 is a curve congruent to Γ2 and separated from Γ1 through a rigid motion φ. Let β ′
be a bridge between the points a1, b1 of Γ1 and the points φ(a2),φ(b2) of Γ ′2. To see that
Tβ(Γ1,Γ2) is well defined, we shall show that the increment ∇Tβ(Γ1,Γ2) vanishes along
any path φt of motions of the plane taking the curve Γ1 ⊕β Γ2 to Γ1 ⊕β ′ Γ ′2, being this
possibly a strange sum (see [2]).
We observe first that the path Γ1⊕βt φt (Γ2) taking the first sum to the second, may have
one of the following characteristics:
(i) φt(Γ2) intersects neither Γ1 nor β ;
(ii) φt(Γ2) intersects β ;
(iii) φt(Γ2) intersects Γ1.
In the first case (i), it is obvious that ∇Tβ(Γ1,Γ2)= 0. On the other hand, in the other
cases it is not difficult to see that since Γ1 and Γ2 are closed curves, the triple points
encountered when passing φt(Γ2) over the double points of Γ1 occur pairwise and with
opposite signs. And analogously happens with the ones obtained when the double points
of φt(Γ2) encounter some arc of Γ1. And the same argument applies to the triple points
obtained through intersections of the bridges βt with Γ1. Therefore, we get that in any case
∇Tβ(Γ1,Γ2)= 0. ✷
Lemma 4. Let Γ1 and Γ2 be two closed curves. Suppose that β is any bridge of index (1,1)
connecting arcs aibi of Γi, i = 1,2, such that a1b1 lies on the boundary of the convex hull
of Γ1 and off the convex hull of Γ2, and analogously, the arc a2b2 lies on the boundary of
the convex hull of Γ2 and off the convex hull of Γ1. Then the following equalities hold:
J±(Γ1 ⊕β Γ2)= J±(Γ1)+ J±(Γ2)− 2T ±(Γ1,Γ2),
St(Γ1 ⊕β Γ2)= St(Γ1)+ St(Γ2)− T Stβ (Γ1,Γ1).
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Proof. Given the curves Γ1 and Γ2 and a bridge β with the conditions above, it is always
possible to move the curve Γ2 and the bridge β through some path made of isotopic curves
in order to get another one, Γ˜2, and another bridge β ′ between Γ1 and Γ˜2 such that Γ1 and
Γ˜2 lie in complementary half-planes and β ′ has index (1,1) and does not meet Γ1 ∪ Γ˜2.
Now, as Γ1 and Γ˜2 lie on different half-spaces, we have that Γ1 ⊕β ′ Γ2 is a connected sum.
In this case, Arnol’d proved that X(Γ1 ⊕β ′ Γ2)= X(Γ1)+ X(Γ2), where X denotes any
of the invariants J+, J−,St. We now observe that the path separating the curves Γ1 and
Γ2 leads to another path passing from the curve Γ1 ⊕β Γ2 to the curve Γ1 ⊕β ′ Γ˜2. And the
increments,
∇X(Γ1 ⊕β ′ Γ2)=X
(
Γ1 ⊕ Γ˜2
)−X(Γ1 ⊕β Γ2),
along this path satisfy the following: for each direct tangency in the positive (negative)
sense ∇J+(Γ1 ⊕β Γ˜2) increases (decreases) by 2 and ∇J+(Γ1 ⊕β Γ˜2) increases
(decreases) also by 2 for each inverse tangency in the positive (negative) sense. On the
other hand, ∇ St(Γ1 ⊕β Γ˜2) increases (decreases) by 1 at the passing by each triple point
in the positive (negative) sense. Moreover, we have that
∇J±(Γ1 ⊕β Γ2)= 2T ±(Γ1,Γ2)
and
∇ St(Γ1 ⊕β Γ2)= T Stβ (Γ1,Γ2).
Consequently, we get
J±(Γ1 ⊕β Γ2)= J±(Γ1)+ J±(Γ2)− T ±(Γ1,Γ2)
and
St(Γ1 ⊕β Γ2)= St(Γ1)+ St(Γ2)− T Stβ (Γ1,Γ2).
Observe that the value of both right-hand-sides, being a connected sum, does not depend
on the choice of the bridge, and thus so does not the value the left-hand-side for any β
satisfying the conditions of the lemma. ✷
Theorem 1. Given two curves Γ1 and Γ2 summed up through an outer bridge β of index
(i, j), the following equalities hold
J±(Γ1 ⊕ij Γ2)= J±(Γ1)+ J±(Γ2)− 2T ±(Γ1,Γ2)+ 2(i + j − 2),
St(Γ1 ⊕ij Γ2)= St(Γ1)+ St(Γ2)− T Stβ (Γ1,Γ2).
Proof. If the bridge connecting the curves Γ1 and Γ2 has index (1,1) and satisfies the
conditions of Lemma 4 then the result follows immediately from this lemma. Suppose now
that the bridge β does not satisfy these conditions. Let Γ̂1 and Γ̂2 be two curves obtained
from Γ1 and Γ2 through the following process: Suppose that the bridge β connects the
points x1, y1 in the curve Γ1 to the points x2, y2 in Γ2. Then Γ̂s , s = 1,2, is obtained
by pushing out the arc xsys in the curve Γs in order to get a new arc x̂sys cutting the
complement, R, of the union of the convex hull of both curves in such a way that we may
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Fig. 6. Pushing along arcs.
find small subarcs, aibi, i = 1,2, on them that satisfy the conditions of Lemma 4 (see
Fig. 6).
We observe that in the transition from Γs to Γ̂s we may go through several tangencies,
some of them direct and some other inverse, and these lead to the following increments:
∇J+ = 2(i − 1)+ 2k1 and ∇J− =−2k1, for the curve Γ1, where k1 is an appropriate
natural number.
∇J+(Γ2)= 2(j − 1)+ 2k2 and ∇J−(Γ2) =−2k2, for the curve Γ2, where k2 is also
some natural number.
Now, ∇T + = J±(Γ1) + J±(Γ2) for the transition of the pair (Γ1,Γ2) to the pair
(Γ̂1, Γ̂2).
We observe that and ∇(T +T −) = i + j − 2. And we then have that J±(Γ̂s) =
J±(Γs)+∇J±(Γs) and T +(Γ̂1, Γ̂2)= T ±(Γ1,Γ2)−∇T ±(Γ1,Γ2).
Consider now the sum Γ̂1 ⊕1,1 Γ̂2, taken throughout some bridge β̂ of index (1,1),
which is totally contained in the region R and connects the arc x̂1y1 with the arc x̂2y2. It
then follows from Lemma 4 that
J±
(
Γ̂1 ⊕1,1 Γ̂2
) = J±(Γ̂1)+ J±(Γ̂2)− 2T ±(Γ̂1, Γ̂2)
= J±(Γ1)+∇J+(Γ1)+ J±(Γ2)+∇J+(Γ2)− 2
[
T ± −∇T ±]
= J±(Γ1)+ J±(Γ2)− 2T ±(Γ1,Γ2)+ 4∇T ±(Γ1,Γ2).
Passing now from the curve Γ̂1⊕1,1 Γ̂2 to the curve Γ1⊕i,j Γ2 by pushing back the arcs
x̂1y2, x̂2y1 onto the arcs x1y2, x2y1 in β and thus taking the bridge β̂ onto the bridge β
(see Fig. 6) we have the following increments,
∇J±(Γ̂1 ⊕1,1 Γ̂2)=∓[2(i + j − 2)+ 4(k1 + k2)]=∓2∇(T + − T −).
Therefore
J±(Γ1 ⊕i,j Γ2) = J±
(
Γ̂1 ⊕1,1 Γ̂2
)+∇J±(Γ̂1 ⊕1,1 Γ̂2)
= J±(Γ1)+ J±(Γ2)− 2T ±(Γ1,Γ2)− 4∇T ±(Γ1,Γ2)
∓ 2∇(T + − T −)
= J±(Γ1)J±(Γ2)− 2T ±(Γ1,Γ2)+ 2 ∇
(
T + + T −)
= J±(Γ1)J±(Γ2)− 2T ±(Γ1,Γ2)+ 2(i + j − 2).
The formula for the invariant St follows analogously. ✷
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Remark. The number, d(Γ1,Γ2), of intersection points of the curve Γ1 with the curve Γ2
is given by 2(T − − T +)(Γ1,Γ2).
Given an inner bridge β˜ of index (i, j) connecting the curves Γ1 and Γ2 we have that β˜
is contained in one of the connected components of the complement of Γ1 ∪ Γ2 in R2. We
notice that the points in this component have index i for the curve Γ1 and index j for the
curve Γ2. We denote it by Cij . We shall say that Cij is simple provided its boundary does
not contain double points of Γ1 or Γ2 and just contains two points of mutual intersection
of the two curves.
Lemma 5. Given Γ1 and Γ2 such that R2 \ (Γ1 ∪ Γ2) has a unique connected component
of type C11 and all the others are of type Ci0 and C0j , i, j ∈ Z, let β˜ be an inner bridge of
index (1,1) contained in C11. Then the following relations hold,
J±
(
Γ1⊕˜1,1Γ2
)= J±(Γ1)+ J±(Γ2)− 4,
St
(
Γ1⊕˜1,1Γ2
)= St(Γ1)+ St(Γ2)+ 2.
Proof. We have that the region C1,1, containing β˜ is a simple region, otherwise it would
be possible to find some component of type C1,j or Ci,1 in the complement of Γ1 ∪ Γ2.
Observe now that the curve obtained as a result of the sum is isotopic to the curve obtained
by separating first the two curves, Γ˜1 and Γ˜2, into two respectively isotopic curves through
an inverse tangency (of positive sign), eliminating thus the region C1,1 and taking a
connected sum (Γ˜1 ⊕K3)⊕ Γ˜2 as shown in Fig. 7.
Therefore we have the following equalities:
J+
(
Γ1⊕˜1,1Γ2
)= J+((Γ1 ⊕1,1 K3)⊕1,1 Γ2);
J−
(
Γ1⊕˜1,1Γ2
)= J−((Γ1 ⊕1,1 K3)⊕1,1 Γ2)+ 2;
St
(
Γ1⊕˜1,1Γ2
)= St((Γ1 ⊕1,1 K3)⊕1,1 Γ2),
from which follows the desired result. ✷
Fig. 7. Sums Γ1⊕˜1,1Γ2 and (Γ˜1 ⊕1,1 K3)⊕1,1 Γ˜2.
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Lemma 6. Let β be any inner bridge of index (1,1) between the curves Γ1 and Γ2 which is
contained in a simple region C11. Then the invariants of the inner sum Γ1⊕˜1,1Γ2 are given
by the equalities
J±
(
Γ1⊕˜1,1Γ2
)= J±(Γ1)+ J±(Γ2)− 2T ±(Γ1,Γ2)− 4,
St
(
Γ1⊕˜1,1Γ2
)= St(Γ1)+ St(Γ2)− T Stβ (Γ1,Γ1)+ 2.
Proof. Observe that we can isotopically modify each one of the two curves in order to get
new curves Γ˜1 and Γ˜2 that satisfy the hypothesis of Lemma 5. Moreover, this can be done
without changing either the bridge nor the arcs of Γ1 and Γ2 that define the componentC11
in which it is contained.
We then have
J±
(
Γ˜1⊕˜11Γ˜2
) = J±(Γ1⊕˜11Γ2)+∇J±(Γ1⊕˜1,1Γ2)
= J±(Γ1⊕˜11Γ2)+ 2T ±(Γ1,Γ2).
On the other hand, from Lemma 5 and the fact that Γs is isotopic to Γ˜1 we get that
J±
(
Γ˜1⊕˜11Γ˜2
)=∇J (Γ1)+∇J (Γ2)− 4.
And therefore
J±
(
Γ1⊕˜11Γ2
)= J±(Γ1)+ J±(Γ2)− 2T ±(Γ1,Γ2)− 4.
The expression relative to the invariant St is obtained analogously. ✷
Theorem 2. Given two curves Γ1 and Γ2 and an inner bridge β of index (i, j) joining
them, the following equalities hold
J±
(
Γ1⊕˜ij Γ2
)= J±(Γ1)+ J±(Γ2)− 2T ±(Γ1,Γ2)− 2(i + j),
St
(
Γ1⊕˜ij Γ2
)= St(Γ1)+ St(Γ2)− T Stβ (Γ1,Γ2)+ 2(i + j − 1).
Proof. If Cij is a simple region the result follows from Lemma 6 together with a
convenient application of the idea, used in the proof of Theorem 1, of pushing along the
arcs that contain the bridge in order to transform Cij into a region of type C11. Suppose
now that Cij is not simple. In this case, it is possible to isotopically modify one of the two
curves, say Γ1, into another curve Γ˜1 by pushing along a convenient arc in such a way that
the bridge β˜ remains fixed and the component C˜ij of the complement of Γ˜1∪Γ2 containing
it is simple. We then have
T ±
(
Γ˜1,Γ2
)= T ±(Γ1,Γ2)−∇T (Γ1,Γ2),
J±
(
Γ˜1⊕˜β˜ ′Γ2
)= J±(Γ1⊕˜β˜Γ2)+∇J±(Γ1⊕˜β˜Γ2),
where ∇J±(Γ1⊕˜β˜Γ2)=−2∇T ±(Γ1,Γ2).
Now, in the same way as in the proof of Theorem 1 we can push again the curves Γ1 and
Γ2 along convenient arcs xsys, s = 1,2, so that we get new curves Γ̂1 and Γ̂2, satisfying
the conditions of Lemma 6. We get along this process the increments ∇J±(Γ1⊕˜β˜Γ2) =
−2∇T ±(Γ1,Γ2).
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On the other hand,
∇T ±(Γ1,Γ2)= J±(Γ1)+ J±(Γ2) and
∇J−(Γ1)=∇J−(Γ2)=∇T ±(Γ1,Γ2)= 0,
Going back now from the curve Γ̂1⊕˜11Γ̂2 to the curve Γ˜1⊕˜i,j Γ2 we get
∇J+(Γ̂1⊕̂11Γ˜2)=−6(i + j − 2) and
∇J−(Γ˜1⊕˜11Γ˜2)=−2(i + j − 2).
And now, from Lemma 6 and the fact that Γ1 and Γ˜1 are isotopic, we obtain
J±
(
Γ̂1⊕˜11Γ̂2
) = J±(Γ̂1)+ J±(Γ̂2)− 2∇T ±(Γ1,Γ2)− 4
= J±(Γ1)+ J±(Γ2)+∇J±(Γ1)+∇J±(Γ2)− 2T ±
(
Γ˜1,Γ2
)
+ 2∇T ±(Γ˜1,Γ2)− 4
= J±(Γ1)+ J±(Γ2)− 2T ±
(
Γ˜1,Γ2
)+ 4∇T±(Γ˜1,Γ2)
= J±(Γ1)+ J±(Γ2)− 2T ±
(
Γ˜1,Γ2
)+ 4(i + j − 3).
And going now from Γ˜1 ⊕ Γ2 to Γ1 ⊕ Γ2
J+
(
Γ˜1⊕˜i,j Γ2
) = J+(Γ̂1⊕˜11Γ̂2)+∇J+(Γ̂1⊕˜11Γ̂2)
= J+(Γ1)+ J+(Γ2)− 2T +
(
Γ˜1,Γ2
)
+ 4(i + j − 3)− 6(i + j − 2)
= J+(Γ1)+ J+(Γ2)− 2T +
(
Γ˜1,Γ2
)− 2(i + j).
Hence
J+
(
Γ˜1⊕˜i,j Γ2
) = J+(Γ1⊕˜i,j Γ2)+∇J+(Γ1⊕˜i,j Γ2)
= J+(Γ1)+ J+(Γ2)− 2T +(Γ1,Γ2)+ 2∇T +(Γ1,Γ2)− 2(i + j)
+∇J+(Γ1⊕˜i,j Γ2)
= J+(Γ1)+ J+(Γ2)− 2T +(Γ1,Γ2)− 2(i + j).
The formula corresponding to the invariant St can be obtained by an analogous
procedure. ✷
Corollary 1. The invariants of the external and internal sums of plane curves through
bridges with the same index (i, j) are related in the following way:
J±(Γ1 ⊕ij Γ2)− J±
(
Γ1⊕˜ij Γ2
)=−4(i + j − 1),
St(Γ1 ⊕ij Γ2)− J±
(
Γ1⊕˜ij Γ2
)= 2(i + j − 1).
The proof follows immediately from Theorems 1 and 2.
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5. Decompositions
5.1. Channels
We define a channel α, in a plane curve Γ , as an embedded rectangle such that two of
its opposite sides lie on the curve and it has not any other common points with the curve.
Any channel defined on a closed curve Γ decomposes it, by substituting the two arcs
of the curve that lie on the rectangle by the other two sides of the rectangle, in another two
curves Γ1 and Γ2. We now observe that the curve Γ may be viewed as an outer sum of
these two curves through the bridge defined by the two sides of the channel that do not lie
on Γ . The orientation of Γ automatically determines the orientations of the new curves Γ1
and Γ2.
We shall say that the channel is irrelevant if one of these two curves has no double
points, i.e., it is isotopic to the circle K1. We shall only consider, in what follows,
decompositions made by means of nonirrelevant channels. In this case, none of the
obtained curves has the isotopy type of the initial one (for they have different numbers
of double points). Any curve Γ may admit different decompositions with respect to either
the number and classes of resulting curves, as well as the indices of the bridge between
them. In Fig. 8 we show the decomposition of a curve Γ into three curves, Γ1,Γ2,Γ3. This
is done through the insertion of two channels α1 and α2. We observe that the initial curve
Γ can then be seen as sum Γ1⊕β1 (Γ2⊕β2 Γ3), where the bridges β1 and β2 are determined
by the channels α1 and α2.
5.2. Some applications
According to the above definition the curve Kn admits a decomposition of the form
Kn =K2 ⊕11 Kn−1.
Fig. 8. Examples of channels and decompositions.
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Fig. 9. Series {Cn}n0.
And then, through successive decompositions, we finally arrive to the following sum of
n− 1 terms
Kn =K2 ⊕11 · · · ⊕11 K2.
Consider now the series {Cn}n0 of curves with rotation number n+ 1, n 0, as shown
in the figure below:
Proposition 3. The curve Cn can be decomposed in a sum of n curves of type K2 connected
by N − 1 bridges of index (2,1),
Cn =K2 ⊕2,1 · · · ⊕2,1 K2.
Proof. Observe that we can put Cn = C1 ⊕2,1 Cn−1. But C1 = K2 and successively
applying this decomposition we get the proposed one. ✷
Corollary 2. The invariants of the series {Cn}n1 normalized according to the values
assigned by Arnol’d to the series {Kn}n1 are given by:
St(Cn)= n
2 + n
2
,
J+(Cn)=−
(
n2 + n),
J−(Cn)=−
(
n2 + 2n).
Proof. We observe first that T ±(C1,Cn)= n. Then from Theorem 1 we get
J+(Cn) = J+(C1 ⊕2,1 Cn−1)
= J+(C1)+ J+(Cn−1)− 2T ±(C1,Cn)+ 2(2+ 1− 2)
= J+(Cn−1)− 2− 2n+ 2+ 2
= J+(Cn−1)− 2n,
J+(Cn) = J+(C1 ⊕2,1 Cn−1)
= J+(C1)+ J+(Cn−1)− 2T ±(C1,Cn)+ 2(2+ 1− 2)
= J+(Cn−1)− 3− 2n+ 2+ 2
= J+(Cn−1)− 2n− 1.
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On the other hand,
J+(C1)= 2,
J+(C2)=−2− 2.2=−6,
J+(C3)=−2− 2.2− 2.6=−18,
...
J+(Cn)= J+(Cn−1)− 2n=−
(
n2 + n).
It can be seen analogously that J−(Cn)=−(n2 + 2n). Finally, for the third invariant,
St(Cn) = St(Cn−1)+ St(C1)+ n− 1
= St(Cn−1)+ 1+ n− 1
= St(Cn−1)+ n.
But St(C1)= 1, and hence
St(C2)= St(C1)+ 2= 3,
...
St(Cn)= St(Cn−1)+ n=
∑
i
i = n
2 + n
2
. ✷
5.3. Decomposition theorem
Theorem 3. Any closed plane curve Γ with n double points admits some decomposition
as a sum of m0 curves of type K0, m1 curves of type K1 and m2 curves of type K2, where
mi  0, i = 0,1,2, and m0 +m1 +m2  n.
Proof. Given a curve Γ with n double points, we may decompose it into two curves Γ1
and Γ2 through some channel α1 in such a way that the curve Γ1 be isotopic to one of
K0, K1 or K2. Now, if Γ1 is isotopic to K0, we must have d(Γ˜1)  n − 2, and thus
Γ = Γ1 ⊕α1 Γ˜1. On the other hand, if Γ1 is isotopic to K1 or K2, then d(Γ˜1)  n − 1.
Doing again the same procedure for a second channel α2, we shall have d(Γ˜1) n−1−1.
And so on, we shall find some k < n such that d(Γ˜k)  1. Therefore, we may write
Γ = Γ1 ⊕β1 · · · ⊕βk−1 Γk ⊕βk Γ˜k , where βj is the bridge corresponding to the channel
αj . Now, since k + 1 n and each of the curves Γj is isotopic to one of K0, K1 and K2,
we may suppose that we have m0 curves of type K0, m1 curves of type K1 and m2 of type
K2, which proves the desired assertion. ✷
Following Arnol’d [3], we say that a curve Γ is a tree if at each of its double points it
can be subdivided (by smoothing) into two closed disjoint curves. The invariants of this
particular case of plane curves has been studied by Aicardi ([1], 1994). On the other hand,
a curve with n double points is called an extreme curve provided its rotation number is
exactly n+ 1. Any extreme curve is a tree but the converse is not necessarily true.
Corollary 3. A curve Γ with exactly n double points is a tree if and only if it admits a
decomposition as a sum of exactly n curves of the types K0 and K2.
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Proof. Suppose that Γ is a tree. Then we can order its double points p1,p2, . . . , pn in such
a way that the two curves obtained by smoothing at pk have exactly k − 1 and n− k − 1
double points. We can then decompose Γ through a channel in the neighbourhood of p1
into two curves, the first one having just a double point and the other n−1. We do the same
procedure at the point p2 in the second curve, obtaining three curves, two of which have
just a double point. And so on, till we arrive to a last curve with a unique double point. In
this way we shall have decomposed Γ into n curves of type K0 and K2.
Reciprocally, suppose that Γ is a curve with n double points that can be decomposed
into n curves of type K0 and K2. In this case, it follows that these n curves do not intersect
each other, for otherwise, there would be more that n double points in Γ . The fact that Γ
must be a tree follows now from observing that in this case, removing each double point
must lead to two disjoint curves. ✷
Remark. It is easy to find different decompositions of a given curve, in the sense that they
contain different numbers m0, m1 and m2, as well as different total number of curves in
the sum. Nevertheless, the extreme curves are characterized by the fact that they can only
be decomposed in a unique manner by means of external sums, and this leads to n curves
of type K2.
Once we have a decomposition of a curve Γ into simpler curves, Theorems 1 and 2 tell
us how to obtain the invariants of Γ in terms of those of the summands and the indices
of the bridges between them. The next result gives a general method for the calculation of
the invariants of a curve in terms of a given decomposition into curves of types K0, K1
and K2.
Theorem 4. Let Γ be a curve with n double points and consider a decomposition of Γ ,
Γ = Γ1 ⊕(i1,j1)
(· · · ⊕(ik−1,jk−1) (Γk ⊕(ik ,jk) Γk+1));
into curves of type K0, K1 and K2 and denote
Γ˜s = Γs+1 ⊕(is+1,js+1)
(· · · ⊕(ik−1,jk−1) (Γk ⊕(ik ,jk) Γk+1)),
in such a way that Γ˜s = Γs+1 ⊕(is+1,js+1) Γ˜s+1, s = 1, . . . , k  n− 1, and Γ˜k = Γk+1.
Then satisfy the following equality
J±(Γ ) = J±(Γ1)+ · · · + J±(Γk+1)− 2
(
T ±
(
Γ1, Γ˜1
)+ · · · + T ±(Γk, Γ˜k))
+ 2(i1 + · · · + ik + j1 + · · · + jk − 2k)
= m0
(
0
−1
)
+m2
(−2
−3
)
− 2(T ±(Γ1, Γ˜1)+ · · · + T ±(Γk, Γ˜k))
+ 2(i1 + · · · + ik + j1 + · · · + jk − 2k)
where m0 and m2 respectively the numbers of curves of type K0 and K2.
Remark. In order to simplify the notation we can put i = i1 + · · · + ik , j = j1 + · · · + jk
and T ±k (Γ )= T ±(Γ1, Γ˜1)+ · · · + T ±(Γk, Γ˜k), so the above formula reduces to
J±(Γ )=m0
(
0
−1
)
+m2
(−2
−3
)
− 2T ±k (Γ )+ 2(i + j − 2k).
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Proof of Theorem 3. Suppose that Γ may be decomposed into k+ 1 curves of types K0,
K1 and K2. Then by using the notation Γ˜s = Γs+1 ⊕(is+1,js+1) Γ˜s+1, s = 1, . . . , k  n− 1,
and Γ˜k = Γk+1 and successively applying the theorem [2], we get
J±
(
Γ˜k
) = J±(Γk+1),
J±
(
Γ˜k−1
) = J±(Γk ⊕(ik,jk) Γ˜k)
= J±(Γk)+ J±
(
Γ˜k
)− 2(T ±(Γk, Γ˜k))+ 2(ik + jk − 2),
J±
(
Γ˜k−2
) = J±(Γk−1 ⊕(ik−1,jk−1) Γk−1)
= J±(Γk−1)+ J±
(
Γ˜k−1
)− 2T ±(Γk−1, Γ˜k−1)+ 2(ik−1 + jk−1 − 2),
...
J±
(
Γ˜1
) = J±(Γ2 ⊕(i2,j2) Γ˜2)
= J±(Γ2)+ J±
(
Γ˜2
)− 2(T ±(Γ2, Γ˜2))+ 2(i2 + j2 − 2),
J±(Γ ) = J±(Γ1 ⊕(i1,j1) Γ˜1)
= J±(Γ1)+ J±
(
Γ˜1
)− 2(T ±(Γ1, Γ˜1))+ 2(i1 + j1 − 2).
By substituting now J±(Γ˜s), s = 1,2, . . . , k, in the above sequence,
J±(Γ ) = J±(Γ1)+ J±(Γ2)+ · · · + J±(Γk+1)
= −2[T ±(Γ1, Γ˜1)+ T ±(Γ2, Γ˜2)+ · · · + T ±(Γk, Γ˜k)]
+ 2(i1 + j1 − 2+ i2 + j2 − 2+ · · · + ik + jk − 2)
= J±(Γ1)+ · · · + J±(Γk+1)− 2
[
T ±
(
Γ1, Γ˜1
)+ · · · + T ±(Γk, Γ˜k)]
+ 2(i1 + · · · + ik + j1 + · · · + jk − 2k).
And, finally, assuming that there are m0 curves of type K0, m1 of type K1 and m2 of type
K2 and substituting the corresponding values of J±, we obtain the formula
J±(Γ ) = m0
(
0
−1
)
+m2
(−2
−3
)
− 2(T ±(Γ1, Γ˜1)+ · · · + T ±(Γk, Γ˜k))
+ 2(i1 + · · · + ik + j1 + · · · + jk − 2k).
The result for the invariant St follows from analogous arguments. ✷
Let us consider, as an illustration, the decomposition shown in Fig. 8. In this case we
have that Γ =K2 ⊕2,1 K2 ⊕1,1 K2 with
T +2 (Γ )= T +(Γ1,Γ2 ⊕11 Γ3)+ T +(Γ2,Γ3)= 0,
T −2 (Γ )= T −(Γ1,Γ2 ⊕11 Γ3)+ T −(Γ2,Γ3)= 8+ 4= 12,
and
T St2 (Γ )= T Stβ1 (Γ1,Γ2 ⊕11 Γ3)+ T Stβ2 (Γ2,Γ3)=−1+ 0=−1.
Therefore, we get J+(Γ )=−4, J−(Γ )=−31 and St(Γ )= 4.
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